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We study an interacting two-component hard-core bosons on square lattice for which, in the
presence of staggered magnetic flux, the ground state is a bosonic integer quantum Hall (BIQH)
state. Using a coupled-wire bosonization approach, we analytically show this model exhibits a BIQH
state at total charge half filling associated with a symmetry-protected topological phase under
U(1) charge conservation. These theoretical expectations are verified, using the infinite density
matrix renormalization group method, by providing numerical evidences for: (i) a quantized Hall
conductance σxy = ±2, and (ii) two counter-propagating gapless edge modes. Our model is a
bosonic cousin of the fermionic Haldane model and serves as an additional case of analogy between
bosonic and fermionic quantum Hall states.
PACS numbers: 73.43.-f, 03.65.Vf
Introduction.—Topological quantum phases have at-
tracted a tremendous amount of attention in condensed
matter physics both theoretically and experimentally
during the past three decades [1]. They divide into two
classes: (i) long-range-entangled phases, characterized
by topologically degenerate ground states that support
fractionalized excitations with nontrivial braiding statis-
tics, including fractional quantum Hall states[2, 3], spin
liquids [4–8]; and (ii) short-range-entangled phases, pro-
tected by a global symmetry [9, 10] and associated with
cohomology groups [11]. Such symmetry-protected topo-
logical (SPT) phases have a gapped bulk with no fraction-
alization and usually still exhibit protected gapless edge
excitations [12–14]. The first example of SPT phase is the
Haldane spin-1 chain [15, 16], which is protected by the
spin rotation SO(3) symmetry. Another example is the
fermionic topological insulator (TPI) [17–21], which is
protected by U(1) charge conservation and time-reversal
symmetry T . Unlike free fermions, where the nontrivial
band topology is only required, bosons need strong inter-
action to stabilize a SPT phase, making them challenging
to study.
Recent theoretical studies address the possibility of
a bosonic integer quantum Hall (BIQH) state in 2D
strongly interacting bosonic systems in the presence of
a strong magnetic field. As an analog of the free
fermionic TPI, BIQH state is a U(1) SPT phase. It
is characterized by an even integer Hall conductance
and hosts counter-propagating chiral modes at the edge
boundaries [22, 23]. According to mutual Chern-Simons
theory [22, 24], BIQH state can be stabilized in two-
component bosons in magnetic fields [25–28] at filling
factor ν=1 for each component. The honeycomb lattice
model of hard-core bosons with correlated hopping has
been studied numerically using the infinite density matrix
renormalization group (DMRG) [29], and analytically us-
ing the coupled-wire bosonization approach [30]. With
fine-tuned couplings and internal states in an ultracold
atom system, the optical flux lattice in reciprocal space
has been studied [31]. More naturally, with Chern bands
replacing the lowest Landau level, one may expect the
BIQH phases, which has been confirmed in the Harper-
Hofstadter model [32] with Chern number C = 2. In con-
trast, as an analog of the fermionic Haldane model [33],
the realization of BIQH state without Landau levels in
certain lattice model still remains an open problem.
In this paper, we introduce a simple lattice model of
interacting two-component hard-core bosons that real-
izes BIQH states with no net magnetic field. We first
present analytically the possibility of BIQH states using
the coupled-wire bosonization method [22, 34]. Next nu-
merical results from DMRG calculations [35, 36] confirm
that its ground state is indeed the BIQH state. In con-
trast with the BIQH states at filling factors ν = 1 + 1,
our lattice model achieves this at total charge half fillings,
where the Zeeman energy splitting of the two component
bosons is crucial. Finally, a similar lattice model real-
izing the BIQH state at filling factor ν = 1 + 1 is also
introduced and verified numerically.
Model and coupled-wire bosonization.—Our model is
defined on an anisotropic square lattice (more precisely,
weakly coupled wires) with two-component hard-core
bosons in the presence of a staggered magnetic flux,
which is described by the Hamiltonian Hˆ = Hˆ0+Hˆ1+Hˆλ,
Hˆ0 = −t
∑
j,l
(a†j,laj+1,le
ipinbj,l + b†j,lbj+1,le
ipinaj+1,l + h.c.)
+ε
∑
j,l
(a†j,laj,l − b†j,lbj,l),
Hˆ1 = t
′∑
j,l
(a†j,laj,l+1e
iϕj + b†j,lbj,l+1e
−iϕj + h.c.),
Hˆλ = λ
∑
j,l
(a†j,lbj,l + h.c.), (1)
where a(b) is the annihilation operator for a hard-core
boson on sublattice A(B), with l(j) the wire (site) index,
2j
ϕ
ϕ
t
t’ 

FIG. 1: (color online). An anisotropic square lattice consisted
of A(B) sublattices, with correlated hopping t and normal
hopping t′ in the two directions. Different species of hard-
core bosons feel opposite magnetic flux ±ϕ.
as assigned in Fig. 1. The lattice is treated as coupled
wires, with correlated intra-wire hopping [29] t and nor-
mal inter-wire hopping t′. A Zeeman energy splitting ε
and interspecies tunneling λ are also considered. Note
that in normal hopping the a and b bosons acquire oppo-
site phases (ϕ = 2pinϕ) through a staggered oscillating
flux pattern; see Supplemental Material for more details.
The lattice can be realized in ultracold atoms system by
trapping different species of atoms at the node or antin-
ode of lasers [37]. Alternatively, one can also employ
bilayer square lattices. The model breaks time-reversal
symmetry T and exhibits a total-charge-conserving Uc(1)
symmetry. The correlated hopping t implements mutual
flux attachment in the Chern-Simons theory [24] and
may be realized experimentally by the lattice shaking
method [38].
For simplicity, we first set λ = 0 where a separate
number conserving U(1) ⊗ U(1) symmetry is featured.
Utilizing coupled-wire bosonization, we treat the inter-
wire Hamiltonian H1 as a perturbation. To make H0 a
simple free Hamiltonian, a Jordan-Wigner-like transfor-
mation [30] is introduced
a˜j,l = O
b
j,laj,l, b˜j,l = O
a
j,lbj,l
Oaj,l = exp(ipi
∑
j′>j
naj′,l), O
b
j,l = exp(ipi
∑
j′<j
nbj′,l), (2)
where O
a(b)
j,l is the string operator attached to operator
aj,l(bj,l), one from the left and one from the right. This
choice ensures the operators a˜ and b˜ obey bosonic com-
mutation rules. The string operators can also be written
in a more symmetric cosine form without changing the
physics. The Hamiltonian then becomes
Hˆ0 = −t
∑
j,l
(a˜†j,la˜j+1,l+a↔ b+h.c.) + ε(na˜j,l − nb˜j,l),
Hˆ1 = t
′∑
j,l
(eiϕj a˜†j,la˜j,l+1O
b
j,lO
b
j,l+1 + h.c.)
+ t′
∑
j,l
(e−iϕj b˜†j,lb˜j,l+1O
a
j,lO
a
j,l+1 + h.c.). (3)
Using standard bosonization techniques[39, 40], the par-
ticle operators (s = a, b) are bosonized as
s˜l(x) =
Use−i
√
piθsl√
2pi
[1 + cos 2
√
pi(φsl +
√
piρsx)], (4)
whereas the density operators are bosonized (in the con-
tinuum limit with respect to the site index) as nl ∼
ρ+∂xφl/
√
pi. Therefore the Hamiltonian Hˆ0 of the hard-
core bosons is mapped to an array of two-component Lut-
tinger liquids
Hˆ0 =
∑
l,s=a(b)
v
2
∫
dx[(∂xφ
s
l )
2 + (∂xθ
s
l )
2], (5)
where v = 2t sin(piρ) is the velocity of the hard-core bo-
son at the ‘Fermi level’ and ρ(1−ρ) is the mean density
of the a(b) boson. The bosonic fields φsl and θ
s
l obey the
commutation relations [φsl (x), θ
s′
l′ (x)] = iδss′δll′Θ(x−x′),
with Θ(x − x′) the Heaviside step function. The Klein
factor Us is chosen as (−)
∑
(j′ ,l′)<(j,l) N
s
j′,l′ to ensure the
boson fields from different wires commute[41]. Alterna-
tively, one can map the sublattice to a line and introduce
the 2D Jordan-Wigner transformation [30, 42].
BIQH states and quantized Hall conductance.—The
BIQH states are realized at integer filling factor ν =
ρ/nϕ = 1, where the most relevant (scaling dimension
is 1) and the nonvanishing terms in H1 are given by
Hˆ1 =
t′
pi
∑
l,µ=1(2)
∫
dx
[
cos
√
pi(φ˜µl +φ
µ
l+1)
]
. (6)
Here, the new bosonic fields are introduced
φ1l = θ
a
l +φ
b
l+
√
piNal′<l, φ˜
1
l = φ
b
l−θal +
√
piNal′<l,
φ2l = θ
b
l+φ
a
l +
√
piN bl′≥l, φ˜
2
l = φ
a
l −θbl+
√
piN bl′≥l, (7)
where the notation is abbreviated to Nsl′<l ≡
∑
l′<lN
s
l′
and Nsl′≥l ≡
∑
l′≥lN
s
l′ . These fields satisfy the commu-
tation relations
[
∂xφ
µ
l (x), φ
ν
l′ (x
′)
]
= 2iδll′Kµνδ(x− x′),[
∂xφ˜
µ
l (x), φ˜
ν
l′ (x
′)
]
= −2iδll′Kµνδ(x − x′),[
∂xφ
µ
l (x), φ˜
ν
l′ (x
′)
]
= 0. (8)
With the K-matrix K =
(
0 1
1 0
)
describing the edge
modes in the Chern-Simons theory of the BIQH
states [22, 24]. In terms of these new fields, Hˆ0 is rewrit-
ten as
Hˆ0 =
∑
l,µ=1(2)
v
2
∫
dx[(∂xφ
µ
l )
2 + (∂xφ˜
µ
l )
2]. (9)
In accordance with the renormalization group (RG)
flow, the ground state is determined by the perturba-
tion Hˆ1. Fields {φ˜1l +φ1l+1} commute with {φ˜2l +φ2l+1},
3]
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FIG. 2: (color online). Schematic of the correlated tunnel-
ing processes that lead to the BIQH states. After splitting
into charge (ρ) and spin (σ) channels, left (right) movers are
coupled with the right (left) movers of neighboring wires sep-
arately.
and hence can be localized simultaneously and gapped
out. However, the unpaired edge modes φµ1 and φ˜
µ
N re-
main gapless at the uppermost and lowermost wires; see
Fig. 2(a). This is denoted as BIQH+ state, with Hall
conductance σxy = 2. Furthermore, reversing the mag-
netic flux (ϕ → −ϕ) can be done by shifting the lattice
by one grid, and exchanging the particle densities of two
species bosons (ρ ↔ 1−ρ) can be done by inverting the
energy difference ε→ −ε. The most relevant term in Hˆ1
becomes
Hˆ1 =
t′
pi
∑
l,µ=1(2)
∫
dx
[
cos
√
pi(φµl +φ˜
µ
l+1)
]
. (10)
Now the ground state is characterized by gapless edge
modes φ˜µ1 and φ
µ
N , referred to as BIQH
− states with Hall
conductance σxy = −2.
In the composite fermion picture [43], the BIQH+ state
is realized by attaching one flux quanta to one composite
boson whereas the BIQH− state has one hole attached to
it. The two BIQH states are dual to each other because
of its hard-core nature. The Zeeman energy splitting ε
is crucial as it determines the relative particle density
of the different species of bosons in matching the inte-
ger filling ν = 1, which is approximately expressed as
ε = 2t cos(ϕ/2) when t′ and λ are very small (see Sup-
plemental Material).
Numerically, we use the infinite DMRG method to
study the system wrapped around a cylinder. To mea-
sure the Hall conductance σxy, we use an adiabatic flux
insertion. Specifically, a 2pi flux insertion pumps the σxy
particles from the left edge to the right edge of the cylin-
der [44, 45]. Based on numerical simulations on twisted
lattices along the t and t′ directions with wire width of
Ly = 4, 5, 8, the pumping charge Q clearly features a
quantized Hall conductance σxy = ±2 (Fig. 3), which
does not depend on the three different geometries. In-
terestingly, the quantized charge pumping is very robust
even when t′ > t, which is beyond our perturbation de-
t
t’
2pi
LR[^
BIQH σ  = ± 2 xy
t’
t
2pi
LR[^
λ=0,   t’=0.5,
ϕ=pi/2, ε=1.2
λ=0.1,  t’=0.5,
ϕ=pi/2, ε=-1.2
FIG. 3: (color online). Charge pumping of the BIQH state
with quantized Hall conductance σxy = ±2. Here we show for
t′ = 0.5t and nϕ = 1/4, a system with width Ly = 4. One a
particle (b hole) is pumped to the left (right) after a 2pi flux is
inserted. For other system sizes or different fluxes, the results
are almost the same.
scription. For the untwisted lattice, the results are almost
the same.
Edge modes and Entanglement spectra.—From the
Chern-Simons theory of BIQH states [24], of which
one defining property is the existence of two counter-
propagating edge modes, that is, one charge mode car-
rying charge and one spin mode carrying (pseudo-) spin.
Hence the BIQH is a non-chiral phase, contrary to the
TPI with only one chiral mode. To explore charge and
spin channel more explicitly, it is useful to define left and
right moving chiral field φL/R = (φ± θ) as well as charge
and spin fields φpρ/σ = (φ
p
a ± φpb )/
√
2 for p = R,L. These
chiral fields defined on the wires satisfy commutation re-
lations
[
∂xφ
p
l,µ(x), φ
p′
l′ ,µ′(x
′)
]
= 2ipδll′δµµ′δpp′δ(x− x′), (11)
where p = ±1 for R(L)-movers and µ = ρ, σ. In terms of
these fields, H0 is written as
Hˆ0 =
∑
l,p,µ
v
4
∫
dx(∂xφ
p
l,µ)
2. (12)
We expect vc = vs when λ = 0 because of the symmetry
of the Hamiltonian. In the BIQH+ phase, the inter-wire
Hamiltonian H1 becomes
Hˆ1 ∼
∑
l
∫
dx cos
√
pi
2
(φRl,ρ+φ
L
l+1,ρ) cos
√
pi
2
(φLl,σ+φ
R
l+1,σ). (13)
One finds that right (left) movers are coupled with left
(right) movers of the neighboring wires in each channel,
whereas (φL1,ρ, φ
R
1,σ) and (φ
R
N,ρ, φ
L
N,σ) are left gapless, in-
dicating two counter-propagating chiral edge modes; see
Fig. 2(b). The situation for the BIQH− phase is similar.
The corresponding effective edge Hamiltonian is[25]
Hˆ =
2pi
Ly
(vcLˆ
c
0 + vsLˆ
s
0), Pˆ =
2pi
Ly
(Lˆc0 − Lˆs0), (14)
4TABLE I: Energies and degeneracies of different states of the
entanglement Hamiltonian (edge mode) in different charge
sectors △Na +△Nb = n(n = 0,±1,±2...)
.
Levels (E, D)
Ground state
1st excited state
2nd excited state
3rd excited state
Sector 0 Sector   1 Sector   2 Sector 3  
0, 1
1, 4
2, 9
3, 20
1/2, 2
3/2, 4
5/2, 12
7/2, 24
1, 1
2, 4
3, 9
4, 20
5/2, 2
7/2, 4
9/2, 12
11/2, 24
with
Lˆ
c(s)
0 =
(△Na ±△Nb)2
4
+
∞∑
m=1
mnˆc(s)m . (15)
Here Ly is the length of the 1D edge,△Na(b) is the change
in the a(b) particle number relative to the ground state,
and {nc(s)m } is the number of oscillator modes with mo-
mentum number m. These bosonic oscillator modes ex-
hibit the well-known 1, 1, 2, 3, · · · degeneracy pattern.
When λ = 0, the energy level for the edge Hamiltonian
is determined by quantum number Lˆc0+Lˆ
s
0. Degeneracies
come from the different distributions of L
c(s)
0 as well as
number △Na(b) and oscillating quantum number {nc(s)m },
which can be calculated straightforwardly. More details
are elaborated in Table I and Supplemental Material.
Numerically, we use the entanglement spectra as a
probe of the edge modes [46] because the low-energy spec-
tra of the system in the presence of a physical edge coin-
cides with the low-lying part of the entanglement spectra,
up to rescaling and shifting. Numerical results from the
DMRG simulation are shown in Fig. 4. We have plotted
several different cases that correspond to the U(1) charge
sector△Na+△Nb = n(n = 0,±1,±2, · · · ). The energies
and degeneracies in each sector are in perfect accord with
the theoretical expectations (Table I). In particular, we
plot the entanglement spectra versus momentum in the
charge sector △Na +△Nb = 0. The edge modes are lin-
ear with momentum k, whereas the charge sector shows a
1, 2, 3, · · · degeneracy pattern in the charge channel and
a 3, 4, 7, · · · pattern in the pseudospin channel [29].
Effect of interspecies tunneling—When turn on the in-
terspecies tunneling Hˆλ, the U(1)⊗U(1) symmetry now
breaks down to a global Uc(1) symmetry. We find the
quantized charge pumping and counter-propagating edge
modes still robust for a finite λ(≤ 0.6), and almost all the
properties are the same as for λ = 0. Here Hˆλ is defined
on intra-wires and gives rise to coupling terms
Hˆλ ∼ λ
∑
l
∫
dx
(
cos
√
2piφRl,σ + cos
√
2piφLl,σ
)
. (16)
At first sight they appear to open gaps for the (pseudo-
) spin edge modes, but actually they do not satisfy
Haldanes null-vector criterion [47] and the two cosine
∆Νa∆Νb
ln
 ρ
9
20
4
1
2
4
12
1
4
9
2
ln
 ρ
Ny/k0
(a)
(b)
FIG. 4: (color online). (a) Entanglement spectra in differ-
ent charge sectors, with numbers indicating degeneracies of
different energy levels. (b) Entanglement spectra versus mo-
mentum in charge sectors ∆Na+∆Nb = 0, with dashed lines
denoting the edge modes. Here k0 = 2pi/Ly is the quanta of
momentum. Numerical simulations are based on an infinite
cylinder of width Ly = 4, λ = 0, nϕ = 1/4, and t
′ = 0.5(a),
t′ = 0.2(b).
terms cannot be localized because they are chiral and do
not commute with each other. In general, the counter-
propagating edge modes are robust against perturba-
tions [13, 22, 24, 30], and interspecies tunneling does not
modify the qualitative nature of the BIQH states, as long
as the Uc(1) symmetry is conserved.
BIQH states at ν = 1+1.—Apart from the BIQH states
with no net magnetic field at total charge half filling, the
BIQH states can also be realized at filling factor v = 1 for
each component in a similar model. The staggered mag-
netic flux is now replaced by a uniform flux (the a and b
bosons acquire the same phases in normal tunneling), and
the Zeeman energy splitting ε is set to zero. It is easy to
show in a similar manner that this model supports BIQH
states. Its quantized charge pumping (see Supplemental
Material) and entanglement spectra are almost the same
as the case without Landau levels.
Conclusion—We have introduced a simple interacting
two-component bosonic lattice model on square lattice
5that realizes a BIQH state with no net magnetic flux.
This state is realized at total charge half filling and pro-
tected by a global Uc symmetry. The Zeeman energy
splitting is crucial to match the integer filling ν = 1
for particles or holes. Using the coupled-wire bosoniza-
tion techniques as well as numerical DMRG methods,
we demonstrated the two defining characteristics of the
BIQH states: (i) quantized Hall conductance σxy = ±2
and (ii) two counter-propagating gapless edge modes.
This model is a bosonic cousin of the fermionic Haldane
model [33], and serves as an additional case of analogy
between fermionic and bosonic quantum Hall states. Fi-
nally, with a similar model, we introduced a realization
of the BIQH states at filling ν = 1 + 1.
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